
wmrk ~ ( E J T  the wrk whi.clr i m  ,go Xolh. Tbie frmauork provides fa the 

i. ddirrad %n (;&ure-W> W I a u  graup thkie and d n e  ~ a r r m l X r e m  tbe 

i t  Sassdd 'B.ws *tii the oar mmwq~tim t b t  w W e  not yet: 

dm- az laeE Brt i s  r-t wt (we 40 ah011 that in  many 

The r.wd mt 05 tb;s paper (r-j froa ractioji 3 osn) d u l r  wtth 

t b t  rRurrnvrr H i* lwaz%y eaqa~t  nbatito rad 8 .  hrt O u it* 

v, th.n G i. d l z a c ~  ~f 8. Y. . ~ h d l y  prove rn meb 

better thema -1~c 6.3). Qtlmr thamcsr of intwert: are obtaiaad 

8bq the q. Far '-La, t b  SmJeatierr, + prajaetiver - o f  the category- 



%ubdaild 643 md (5.1. Saa rsmdk ar the l .mm - - odr#alogy 

empa by .nd [9 bur .D osr 8ubjrct. Ia rll d mu. pap- 

delian groupe whereas their work induderr groups hi& lafe not ne:essarIly 

&dim. 

-1Letodlly ortt W t k  wes ieep-d by the paper 191 due QO Moskowitz, 

Certain og tbe ideas init&- by BsWtt en tPomoIogic8l algebra i n  the 

cat'cgory of lady cwpact .bclian - g m a p s  -. dl1 be bait to our mrk, ,mu8 

~8 o h d l  us--wm.. fadlbriw wld &is paper and with basic facta from 

the t h q  of topological groups as  are set forth i n  Pcmtlrpagin 1301 or 

Hawfet. and Ross [j]. Wr-r qur d d q m e ~ ~ t  of %he Ent functor requires 

a rather detailed &&edge of the c r e s p ~ d l n g  cdleetfon of ideas in 

the theary sf discrete abelian group8 as Ss en~posed i n  Chapter 3 of the 

book [el by #rrer9me. 

The category via which we deal is ,the eategoq of Zecally q a e t  

8beUm group8 w%th A eoatisurotrs bnmmorphienw asr morptpfrrrte. We shall denote 

w category by XI . b-P most o t  arr nall*ts o q  r i t h  tBooe 

murphisPcl of de *tab .re .open Ooto t&ir $stage. such a lorphiru d l  

be ai l led a proper morpltiam. me -a of ~II proper l o r p ~ ~ m  of Z 
is not r subcat'egoFJI of , 2 , but it. 49- brre iaparal nice propcrtiu, . 
which we outline Below. 



(2) A P X ~  -W= Of' 

k . mOmmmphi8m. 

(3) A proper marphi- of d if  and 4 i f  it i.' 

(4) If 'P: A -* B anB 8: B + C a.re proper morphisrm ~f @I!', 

Any uirdefined holpologid notet.iorr or beudnology b t&em from PadEaursr 

We now lay doom aame notation -mi tendnology to be used & r ~ u g h ~ u t  

the paper. 'Ilf (P : A + b and 8: b 4 C @re mephJ,rcms in 

cP 8 thaeeiquence 4-B j C  i a  -- exactat JB if &'only if %ncB =ker  

I. e. . sf a d  +y u v w eo1(~), A sower seq-ce o t  morphimq of -- 

'la exact i f  and only i f  for each 2 - < I - e -1, the s ~ q u a i c e  Ailjl + 4 4 

cP t 

L exact at Ale A aequou  A -  i... short exact i f  .and o d y  

i f  ft I s  exact, 

general, if 9 : A + B b r mrphis1 of 



(A) b and B* are &fined and ara proper 

. -. 

- - F!robfo Hrst suppose that 9 L a narphienr an 



*(aZ) * s(.) a $&)a T ~ B  V, n Ws Q(U) and @(IT). ham nonvooLd intarhr 







" **'* ' , ' . - ._ . ..^ * .. 
Ahead- 

+.. - ------- -;lkx' 
. - 

9- 

2 of the .ban ahgtam tb.t 8 fr ma. Poa'krpgSa duality y5eldm the dual 

8Utraor for ~bt.. 

out* 

.Rcaaedeal fmUaam, 'fn miudar, t8a puahart fw tlsa prit af 1orphim 

e,$r R YZ M i n d b y  a(L)-zZz+Z mad B Q - r p + E  for 



P. u p  8 L a  c4mlt2caDIP ~DC-, 

C o r b l b r y  2.2, i t  Wlan that lg L m L.oMpbia a t  

2 .  ~dmce h a prop" -.~h- 

a?. 





r ' D  
-t .Id are p o p  1 o d r p w .  Ym m a d  ouZy ebnr tbet 

pxop.rb wef&t .bar- 9') 8 -propar. t u b e r  wishbey-hmd 

,- q mb tha -1 u'l 'Th.ormi DbUln tht Is proper. . 
t 

~ ~ t z  I h B  -- na,thkt enaqlY projeetlvas aar 

* * 
tc  ymjFeotive .sd %njactilsrcr. reimlutWm tor m stbitsarg r-e L~L .id i. i- i p .  of the I- dB 

. G>-) fa  6R.c-9 J & 3 and J aSi ekmpbeb 
.-. . - 



I 

w b t m ~ ~ ~ m m i m a p z m p a r g o o h o o t  fos . . X Qllf 6 . d t l w M q M ~ ~  *- . - 

%- pa 6h6rt exact *a~- Pt A>& 1 8 ))O where 9 m d  :8 
cP d 

..xu rorpb:a 4.a 9. u- 8% A>-+>n --> c 



oi ktsaofol~r of A by 0. Ok htad tm rbor t b t  Ert ir a fumt.(y~ fr80 

09 x d - *a Cit+iiw meam p w a  wch i. Cme-Pt 

.ta tba exraio. I: A>-$ B >> C. men r1 1m8 a 



P m f ,  fbmidcr tha cacutatfir. d%astm of tha proof ai Propouitian 2.6 

a c h  ia cogtmvadmat in tbe b a t  ta*.Xr upb cotnriant fs  tha 

Proof. sea MWLmek 161 . Qiirp'frt 3, ' .  - 
a 

We mom obtairr fatha prvpartiea of t46 functar kt. Obeslcve that 

, our functor lht garrcaalism both th. Bcf functor aa defined for dbcroree. 



I D W ~  be aitrzretc gar but a fini~s (rmmber. of X ci A. Ckmversely, the 

t c l p ~ ~ o a  ~ d t e a  cn ..a tht i. g* 
A X 

Proof. 3rr v3dv of mtorcm 2.13 we need only ccrtabllt~b (1): since - 
%rt ir m additive &mctor an 2% d , b , , d , 2 > b U * m  A 

Sa fiPite. Hcllcer tecaf l l~~g  the di.~ltlluiOn above, it buffices to  aasu~na ' 

that u c h  G& i. dkuate.  tet 5 be the natural injecttan of ' GA into 

@,G, a d  define a: Ect (eAGA, X)--9\Ikt(GA, tl) by a([BI) = 
'_ ' 



3Iy Prqpmit.ion 2.3, A i. p p r  riacs O, b p p r .  It b, aefiy.chacke8 
* 

that .w i 8  8i.o propem, Thw, the herwrPwrphfrr 8 8 Ema(AdG.) . ) Bct(C,G) 

may bm defirrad Sn &e wual.wy, abet., a[f) - [El. A arpmmt holdst 

for me baomphhm a :  . Bol (6.C) -= Bit (0,A). The tollmdng 





that rodffierlt- of: M8cLanav8 prooh rwt bm mde ,  but there PtoBificatiom - 

is ex~ot .  A-dual result MU0 with G in the f irs t  argument. 

- 

3. The Second Wether 1Is.oliaorphism Theoram in. . fa: $s w e l l - l a t m  that 

the Second 1romorph.ise Theorem does rrot hold A n  the category of abelian 

topalogAca1 groups (for example, see 131). Hawevet, i t  is m eauy matter 

to see that'it  also fa i l s  for 64 . ~t A densee fie diacrota group 

R/Z aad let (P be a oneto-one, surjective --gphhiam -. of A onto T. 

~ e t  G = A T axad let B ='{(a,, c~ (a)) t a G A I. ~t 18 w i l y  v e r i f i d  

that B is a closed discrete subgroup of G. Furthesipore, A n B = 0 

4 G - A + B. However (A + B)/A -, GIA = T and B/(B n A) = B. Before 

sharpexdug the version of the S e c d  Ieo~rorphdsm Theorem as givea in (31, . i . 
, " 

we prove the followLng technicdl lemma. . I . .  



carrdfaozm hof d: 
8 1  ' 

(i) A + C fir cPareil %a 0. 

P Z ~ .  me wcarrw ir .el-. it-s muppou that c ~ t i . f i e a  
7 

-a o: (8.b) - 9  a + bb 1)P l%clorao 2.1, u ir p e w , . ,  '@&y 

Proof, Am17 3.1 with C a 0. - . . 

hurrap'3.3, Leg G be in $snd suppore that A and B . re  

2. Ls ccompaet, &red subgroups of G such that k + B is in 
- --. - - 



We&. 1Stue fimt -qdxiaa im jurt a reatatlsarrsnrc: of Thsorenr 5.33 f31, 

-B A + B L. i. 2 ,  it fol- L*.r i + D L Jp.4 la  G. W@ .LO 

-LC t t ~ t  (A+ D ) / ( A ~  B) b/& n B) + ~llan a), a((n sr B) fi BIU n 1) 

We mm .oat** two ~aarequenees of &a &we ~:emulte w&ch otilP be. 

b &a mart rw-, 

Proof . me ruuaity  l e  c l u .  &&on mjqwseL tb.t D i. m d F r  
4. 

mt8 d;tWbiQ18 smp urd tlnt D - A ,-> X Scpr-atir 

. A  much that O n U -  0. By aebta 2.7 f P J ,  them $8 a ampact sub-- 

r of A cwt-aintd b u B U C ~  that A/r L du~mt.. 111. eqp.ctnem of 

E .-&a D + t -0: l ~ u . ~  .C *=. ,lux $0 :ag.tmtr=, & h~. . 





*ere the- rawn are eraat. JS&B X Sa injective d C/X Aa discrete, 

* 
dace lmtt(C,O) - 0. The Pfve L 4 a ~  irpl3- th8t hi an sp4marphism, 

1 

q 0 - C &a s propex 

ais-tcfi;. FOY c a ~ h  



It r o n a n  l.wdiat.l~ Out f@* b a, .plmMpi.r. 

511 an ephrqhiem provided any @PC: of the f- cmdit*Ioga bld: 

came (2) holda. By Scot.gt 4.P we may also mumu& that O i e  dfstzreta. 

ur x A t~pre1~60t h d a u n t  of ~t 0I.c). ~y 

!&.orem 3.5, X = 4 . B where 7Bo) - A a d  ll is discrete. Emce  



K> > x .-> A 
a 1.' 1 . 
v 

a,' Q * 

Let Id = Y 8 H and define u: W.-T,B and A: G--3 W are 

f o a m :  a: (g,h)4->uf(y) .b y(h) and for d(g) = b,h) c xo Q B 

define )i : 8 .+ (0' ( x )  . h) . ~ t r d t f  bgyard rompuutstion shows Chat 

ker 6- Im A and that the diagraat 



yimlds the f o l l ~  cama~tatSm diqram'ef dSsmste gzwp with exmt 



u p . .  I) L. tB. w t t ~ d . l g  ,@t A Q- A& .nil tbe faat row %s 



(22 C - 8 for a m  dbere,te tcvrrian frsa grirti* '/f, 

A ir ra taxtrtosioa of r c-t m p  by a dWerats torstea 

groupr ia particular any cmpacf &reup or rap dbcmte to ta im 

group satbf 266 th%a coabitAan. 

the eat- of d-eta abeliaP &roqr mid let 4 be du forgetful 

(a) a-ppwe that A b a tuW%y dhcwr~cctad  group which cantabs 

a campact, bounded taroion rubpup  - - f 8och - thrt A/K l a  die- 



y h l b  the eac f  sqnenee 

-t hb w m *  k t  as-. th. Mt*r# . - oP M t U y  

dirca~pectd, h l l y  ca4aact &dim  pup^. fj,~lt: ramark that 

prlrwitr f91 im described tha padsetiru md in~e~tiltes ia 2 In 

t h  w e  m ~ c t b s  we duiu uke am of Shcr i-9jwfip.r for G f m i f i .  



- .a 
Proof. 2&e auf f i d a ~ ~ y  toilav. f q  wmr 3.4. B=8 'let g 6s 

.a $lqacave in 

amp&~.t, thm tor each f fEfar (R, WIG) we have th.t hf fr fgnite, It 

~ Q W  th.t Btm@*.K1 - PtaR'. 1 1  B. t m .  BLmr .r &@ 
Y II 

tos~iaa, we. elm k.vm lkt ma, 1C") ia 8 reduead catoroion morrp. There Z 
fore l k t z ( K A ,  C )  ia bmmded and heace Î  2. b d c d .  Thm I -st 

be r handed torubti group, Sance E/K is discretar it follows thmt a l l  

r q a c t  mibgroupe of 1 b ~ d d  tordo. groups. Ilw suppose that 



t3r.m a t r  8 prha .ad 8 posstiue iptegsr n such that 

6. 'Ib8 Ccmwmmnt ef 2- rn 8 P&roct 8 d .  We f i t a t  taark that 

C be cr direct -nd of wary gmup egntaidag 6 am Ltr ampenat 

of rmo. Wre generally we d e w d m  tbe etructurc sf r group E wMch ' 



Sea 6.1, Let C b.eoonmmetedpoop 2nd 5 = O  
d . - -  

# u r a l t ~ t & y d ~ w ~  2 ia& i f o a d d y i t  C b u r  
4 



i. a 6pim~rpu.11 f a  em& x a d . ~t i~u- tb.t 
. *. -2 

Lea, HI , ate, W@)' i s  .D rp&mQrpA.. f= wth t -. $il 1 . 
Y!b~rtu6;3~ '8 b m i a  'I&n D E t Q ( . E b P  form, 

i t a t r l l y ~ ~ t d p u p a  x in i f d m 3 j i j t  B - x i n  v f n m  

'I? t h wecave ia d B 19 r &oram biviaibla $ropip. 

Proof. The suffic2arcg foblam frcm Theomat 3.4. Since 
I 

k t  (X, E) *-* st (X. BIBe), I t  toll- that BIBo L .n h j m t l ~ e  

ia 4 . a mw- 5.2, d i ~ c ~ e t e  t~foi . ib~c Ormp. 1% 

follows frm Proposition 4.9 (dl,  that E = Eo 9 D where D i e  a 

diecrete d&vU-th%~ p o p .  Theorem 6.1 y i d d a  that le, ie injective %n 
5 
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